We use the Quantum Monte Carlo Stochastic Series Expansion (SSE) algorithm to investigate the properties of the one-dimensional Heisenberg ferromagnet. We consider the model for two spin values s = 1 2 and s = 1 and study the dependence of the specific heat, magnetisation, magnetic susceptibility and correlation functions on temperature and magnetic field. Obtained results are compared to those derived by analytical methods (Bethe ansatz, Green's function, Random Phase Approximation). In particular, the surprising prediction of a double-peak structure in the specific heat at low temperatures and small magnetic fields can be confirmed.
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Introduction
The study of low-dimensional quantum ferromagnets is mainly motivated by progress in the synthesis of new materials which can be described by effective one-dimensional (1D) [1, 2] or two-dimensional (2D) [3, 4, 5, 6] spin s = 1 2 Heisenberg Hamiltonians. In a recent paper [7] Green's function analytical methods were applied to such systems. It was claimed that, within the employed approximation, the heat-capacity curve for the (isotropic) s = 1 2 Heisenberg chain shows an unexpected double peak at very low temperatures. Additionally it was shown that the field dependent position of the maxima and the heights of the specific heat and magnetic susceptibility fit to power laws.
The Monte Carlo simulations we carried out confirm these predictions for s = 1 2 . Additionally we have investigated the model for spin s = 1. Our simulations show that a similar scaling behaviour can be expected also in that case. The double peak in the specific heat is visible as well. However, the magnetic field range where it appears is shifted in comparison to the s = 
The model
We consider the standard 1D Heisenberg ferromagnet (FHM), which can be described by the following Hamiltonian:
where i j denotes a pair of spin operatorsŜ i = {Ŝ x i ,Ŝ y i ,Ŝ z i } placed on the nodes of a 1D chain. The coupling constant J is negative, J < 0, and the magnetic field h is directed along the z-axis. We assume periodic boundary conditions, i.e., a ring of spins.
The algorithm
The numerical simulations were carried out by means of the directed loop algorithm, a particular version of the stochastic series expansion (SSE) [8] method. The detailed description of this algorithm can be found elsewhere (see for example Ref. [9] ), but for completeness we briefly present its key points.
The SSE algorithm is based on a power-series expansion of the partition function: It is convenient to use the eigenvectors of the operatorŜ z i as a base |α , and express the Hamiltonian as a sum of bond operators:
where L is the number of nodes. Each bond operator is a sum of diagonal part:
and off-diagonal part:
To ensure that all H 1,b matrix elements are positive, the additional C constant has been inserted. Finally the partition function is expressed as
where
denotes the sequence of n diagonal (a i = 1) and off-diagonal (a i = 2) operators living on bonds b i . After introducing an additional cut-off for the maximal number of operators, n = n max , this expression can be used to simulate the system on a finite L × n max lattice.
Tests
One of the tests for correctness of our simulation program is the comparison of the Monte Carlo data with results obtained by other methods. For very small systems (up to L = 16 spins for s = 1/2,
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and up to L = 10 spins for s = 1) we were able to diagonalize the Hamiltonian matrix. This allowed us to calculate all interesting quantities exactly. An example comparison of the Monte Carlo data and the direct diagonalization results is shown in figure 1 , demonstrating perfect agreement (within the statistical error bars of the Monte Carlo method).
Results for spin s = 1/2
We compare the results of the Monte Carlo simulations of the spin s = 1 2 system with the Betheansatz results for the infinite chain [10] . As an example we show in figure 2 the magnetisation and the specific heat as a function of temperature, obtained by these two methods. As it can be seen, already for the size L = 128, the finite-size effects are so small that, in the shown temperature range, the Monte Carlo and Bethe-ansatz results are in perfect agreement. The double maximum in the specific-heat curve can be seen for small magnetic fields h < 0.01, as it was claimed in Ref. [7] using the Green's function approximation.
We checked the dependence of the temperature for which the specific heat maximum appears, T C max , and the maximum height C max on the magnetic field. If in the range of small fields h < 0.01, where the double maximum occurs, the left (lower temperature) maximum is taken into account, the scaling with field obeys a power-law behaviour as demonstrated in the log-log plots of figure 3. By fitting a power-law ansatz in the range 0 < h < 1.0, we obtain the following dependence:
This can be compared with results obtained by the Green's function method [7] :
Results for spin s = 1
We compare the results of the spin s = 1 Monte Carlo simulations with the results obtained by Green's function [7] and random phase approximation (RPA) [11] methods. The figure 4 shows the dependence of the magnetic susceptibility and specific heat on the temperature. In the plot showing the susceptibility, Green's function and RPA results are also depicted. The agreement is quite good; small differences are only visible for small magnetic fields.
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The double maximum in the specific heat curve is visible, but in contrast to the s = 1 2 case it does not appear for very small fields. The range where it is visible starts at h ≈ 0.01 (for spin s = 1 2 it starts already at h = 0).
In the log-log plots of figure 5 the scaling behaviours of the position and height of the magnetic susceptibility maximum as a function of the magnetic field are shown. Again, all three methods show power-law scaling.
Summary
The results of our Monte Carlo simulations of the 1D Heisenberg ferromagnet were briefly presented. A comparison with other analytical methods shows good agreement. Therefore the existence of the double peak in the specific-heat curve and the power-law scaling of the positions and heights of the specific heat and magnetic susceptibility maxima have been confirmed.
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